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ABSTRACT

We consider the following problem: Given a setS of graphs, each ofn vertices, construct ann-
vertex planar graphG containing all the graphs ofS as subgraphs. We distinguish the variant in
which any two graphs ofS are required to have disjoint edges inG (known as ’packing’) from
the variant in which distinct graphs ofS can share edges inG (called ’squeezing’). About the
packing variant we show that an arbitrary tree and an arbitrary spider tree can always be packed
in a planar graph, improving in this way partial results recently given on this problem. Con-
cerning the squeezing variant, we establish which classes of graphs can generally be squeezed
in a planar graph, and which classes cannot.
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1 Introduction and Motivation

Motivated by several application issues, a number of graph algorithms require to find subgraphs
satisfying certain properties in a larger graph. Moreover,some of the most studied and attracting
topics in graph theory are strictly related to the problem ofdetermining relationships between
a graph and its subgraphs. Thesubgraph isomorphismproblem asks for finding a subgraphH
in a graphG [15, 7, 4]. Thegraph thicknessproblem asks for the minimum number of planar
subgraphs in which the edges of a graph can be partitioned [12]. A famous conjecture by Erdős
and Sós, already proved in some special cases, asserts thatany arbitrary graph withn vertices
and⌊(k − 1)n/2⌋+1 edges contains any tree of orderk as subgraph [1]. Thearboricityproblem
is the one of determining the minimum number of forests in which a graph can be decomposed
[3]. Every planar graph (maximal planar graph) can be decomposed in at most three forests
(into three edge-disjoint trees [14]) and it has been recently proved [9] that every planar graph
can be decomposed in two edge-disjoint outerplanar graphs.

The study of the relationships between a graph and its subgraphs can be also tackled from
the opposite side: Given then-vertex graphsG1, . . . , Gk, the requirement is to find a graph
G satisfying certain properties and containing all theGi’s as subgraphs. This topic is present
with different flavors in the computational geometry and graph drawing literature, motivated by
visualization aims, like the display of evolving networks and the simultaneous visualization of
relationships involving the same entities. In thesimultaneous embeddingproblem [2, 8, 5]G
is given and the goal is to draw it so that the drawing of eachGi is planar. Thesimultaneous
embedding without mappingproblem [2] is to find a graphG such that: (i)G contains all the
Gi’s as subgraphs, and (ii)G can be drawn with straight-line edges so that the drawing of each
Gi is planar. Thepackingproblem is the one of finding a graphG containingG1, . . . , Gk as
edge-disjoint subgraphs. Hedetniemi [10] showed that any two trees with diameter greater than
3 can be packed in a subgraph ofKn and Mateo et al. [11] gave a characterization of which
triples of trees can be packed inKn.

Theplanar packingproblem is the variant of the packing problem in whichG is required to
be planar. Garcı́a et al. in [6] conjectured that there exists a planar packing of any two non-star
trees, that is of any two trees with diameter greater than3. Notice that the hypothesis that each
tree is different from a star is necessary, since any mappingbetween the vertices of a star and
the vertices of an arbitrary tree leads to at least one commonedge. Garcı́a et al. proved the
conjecture (1) if the trees are isomorphic or (2) if one of thetrees is a path. Recently it has
been proved in [13] that (3) there exists a planar packing of any two trees if one of them is a
caterpillar. In [13] it is also proved the conjecture (4) if one of the trees is a spider with diameter
at most5. A caterpillar is a tree which becomes a path when all its leaves are deleted (see Fig.
1.a) and aspideris a tree with at most one vertex of degree greater than2 (see Fig. 1.b). Such
kinds of trees frequently arise in theory and in practice. For instance, the family of graphs that
admits a2-level planar drawing is a collection of caterpillars.

(a) (b)

Figure 1: (a) A caterpillar. (b) A spider tree.
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In this paper we contribute to the state of the art on the planar packing problem, by extending
some of the results in [6] and [13]. Namely, in Section 3 we show that there exists a planar
packing of any two trees of diameter greater than3 if one of them is a spider tree. Notice that
this result implies results (1) and (4) cited above. The study of the possibility of obtaining a
planar packing of a spider tree and an arbitrary tree is motivated by the observation that a spider
tree is a subdivision of a star, and hence spider trees are natural candidates for finding counter-
examples of the above cited conjecture. In Section 4 we consider the relaxed version of the
planar packing problem in which the subgraphs are not required to be edge-disjoint in the graph
containing them. We call such a problem theplanar squeezingproblem and we formally define
it as follows: Given then-vertex graphsG1, . . . , Gk, find ann-vertex planar graphG containing
all theGi’s as subgraphs. We consider the classes of graphs most commonly investigated in the
computational geometry and planar graph drawing literature, and we fully determine which
ones of them can be generally squeezed in a planar graph. Namely, we show that: (i) there exist
a planar graph and a path (a planar graph and a star) that cannot be squeezed in a planar graph;
(ii) every two outerplanar graphs (every two trees) can be squeezed in a planar graph; (iii) there
exist three caterpillars (three trees) that cannot be squeezed in a planar graph; (iv) there exist
two trees that cannot be squeezed in an outerplanar graph; and (v) any number of paths, stars
and cycles can be squeezed in an outerplanar graph. Finally,in Section 5 we conclude and
suggest some open problems.

2 Definitions

A drawingof a graph is a mapping of each vertex to a distinct point in theplane and of each
edge to a Jordan curve between the endpoints of the edge. Aplanar drawingis such that no
two edges intersect but possibly at common endpoints. Anembeddingof a planar graphG is
a circular ordering of the edges incident on each vertex ofG. A planar graphis a graph that
admits a planar drawing. Anouterplanar graphis a planar graph that admits a planar drawing
with all its vertices on the same face. Anouterplanar embeddingis such that all the vertices lie
on the same face. The diameter of a tree is the length of the longest path in the tree. Astar is
a tree with diameter3, that is a tree where every vertex, but for one, is a leaf, which is a vertex
of degree one. Acaterpillar is a tree such that the graph obtained by deleting its leaves is a
path. Aspideris a tree with at most one vertex, calledroot, of degree greater than2. The paths
starting at the root are calledlegsof the spider. Observe that by definition a star is also a spider
and a caterpillar, a path is also a spider and a caterpillar, acaterpillar is also a tree, and a tree is
also an outerplanar graph.

Given then-vertex planar graphsG1, . . . , Gk, aplanar packingof G1, . . . , Gk is ann-vertex
planar graph containing all theGi’s as edge-disjoint subgraphs (see also [6]). Given then-
vertex planar graphsG1, . . . , Gk, aplanar squeezingof G1, . . . , Gk is ann-vertex planar graph
containing all theGi’s as subgraphs. In the following, unless otherwise specified, packingand
squeezingwill always stand for planar packing and planar squeezing, respectively.

3 Packing Trees in Planar Graphs

In this section we give an algorithm to pack anyn-vertex non-star spider treeS and anyn-vertex
non-star treeT in a planar graph. Observe that we can suppose w.l.o.g. that the diameter ofT is
greater or equal than5. In fact, sinceT is not a star its diameter is greater than3. Moreover, if
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Figure 2: (a) A treeT embedded as described in the Preprocessing step. (b) Mapping the
vertices ofS to the neighbors ofp. The dashed edges belong toS.

the diameter ofT is 4 thenT is a caterpillar, and the results of [13] imply that there is aplanar
packing ofT andS.

The algorithm we present consists of aPreprocessing stepand of anEmbedding stepthat
we sketch here and detail in the following. In the Preprocessing step we root the trees and we
fix their embeddings. We also assign a level to each vertex ofT . In the Embedding step we
embedS on T to obtain a packing of the two trees. After having mapped the root of S to a
vertex ofT , the legs ofS are embedded one at a time sorted by increasing length. For each
leg its vertices are embedded one at a time in the order they appear on the leg starting from the
nearest to the root and ending with the leaf of the leg. Letvcur denote the vertex ofS that has
to be embedded. We callactive vertexa the vertex ofS that comes beforevcur in the leg of
vcur. By the order in which the vertices ofS are embedded,a has been already mapped to a
vertex ofT whenvcur is embedded. At every stepvcur is mapped to an’unchosen vertex’, that
is a vertex ofT to which no vertex ofS has been yet mapped. We also call’chosen vertex’a
vertex ofT to which a vertex ofS has been already mapped. At every step of the algorithmT
and the already embedded edges ofS form an embedded graphE . We callactive borderF the
border of the outer face ofE . The same vertex ofT can have several occurrences inF , sinceE
is generally a single-connected graph. We denote byF(→, b, c) (by F(←, b, c)) the sequence
of vertices occurrences that are encountered walking clockwise (resp. counter-clockwise) onF
from an occurrence of a vertexb to an occurrence of a vertexc. Whenvcur is embedded, edge
(a, vcur) is drawn inside the outer face ofE .

Preprocessing step.Pick a leafl of T such that all the neighbors of the unique neighborp
of l are leaves, but for exactly one vertexr1 (see Fig.2.a). Note that suchl always exists since
T is different from a star. LetT ′ denote the tree obtained fromT by deletingp and its adjacent
leaves. We chooser1 to be the root ofT and the root ofT ′ as well. The rootr2 of S is chosen
as usually (see Section 2). Assign a levell(n) to each vertex ofT ′ so that the root is assigned
level 0, all its children are assigned level1, and so on. EmbedT ′ so that for each vertexn the
children ofn are in clockwise ordern1, n2, . . . , nk such thatni < nj implies that the subtree
rooted atnj contains a vertexv with l(v) ≥ l(u), for every vertexu in the subtree rooted atni.
In the following we will suppose that the children of each node of T ′ are ordered in clockwise
direction. Augment the embedding ofT ′ into an embedding ofT by insertingp before the first
child of r1 in T ′, and by ordering the neighbors ofp in clockwise direction so thatr2 is the first
vertex andr1 is the second one (see Fig.2.a). Mapr2 to l. Let r2 be the first active vertexa.

Embedding step.This step is repeated until all the vertices and edges ofS are embedded
on the embedding ofT constructed in the Preprocessing step. The legs ofS are embedded one
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Figure 3: Illustrations for the different cases of the Embedding step. The dashed edges with
arrows represent the searches for unchosen vertices that are done inF and the drawings of the
edges(a, u), whereu is the unchosen vertex for which it is setu = vcur. (a) Case1. (b) Case2
(i). (c) Case2 (ii): The search labelled by1 corresponds to the clockwise search for unchosen
vertices inF , that does not succeed. The search labelled by2 corresponds to the counter-
clockwise search for unchosen vertices inF , not considering the vertices inT (a). Edge(a, u)
will be drawn as the dashed edge labelled by2. (d) Case3.1 (ii): The search labelled by1
corresponds to the clockwise search for unchosen vertices in F , that does not succeed. The
search labelled by2 corresponds to the counter-clockwise search for unchosen vertices inF ,
considering also the vertices inT (a). Edge(a, u) will be drawn as the dashed edge labelled by
2. (e) Case3.2, where the dashed edge represents the drawing of(a, c). (f) Case3.3, where the
dashed edges represent the drawing of(a, p) and the drawing of(p, u). Notice that the second
edge is drawn only ifp is the active vertex after settingvcur = p.

at a time sorted by increasing length. For each leg its vertices are embedded one at a time in
the order they appear on the leg starting from the nearest tor2 and ending with the leaf of the
leg. Letp(v) denote the parent of a vertexv in T ′ andT (v) denote the subtree ofT ′ rooted atv.
While p has unchosen neighbors, the algorithm will mapvcur to the first unchosen vertex in the
counter-clockwise order of the neighbors ofp starting atr2. Hence, whenvcur is set equal tor1,
all the neighbors ofp will be chosen vertices (see Fig.2.b). Every timevcur has to be embedded,
do the following: (i) mapvcur to an unchosen vertexu of T ; (ii) draw the edge betweena and
vcur into the outer face ofE , and (iii) choose a new vertex ofT to be the new active vertex. The
choice of the new active vertexa is always done in the following way: If the nextvcur is on the
same leg of the just embeddedvcur, thena = u, otherwisea = r2. The choice of the vertexu
to whichvcur is mapped and the drawing of edge(a, vcur) vary according to several cases:

Case 1:(refer to Figure 3.a) Ifa coincides withr2 or with any other neighbor ofp not inT ′,
then walk counter-clockwise onF , starting from the only occurrence ofr2, until an unchosen
vertexu is found. Mapvcur to u. Draw edge(a, vcur) following the counter-clockwise walk
done onF .
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Case 2:(refer to Figures 3.b and 3.c) Ifa does not coincide withr2 and there is at least one
unchosen vertex in the treeT ′ \ T (a) that does not belong to the path fromr1 to a in T ′, then
walk onF(→, a, r2) not considering the vertices inT (a).

(i) If an unchosen vertexu 6= p(a) has been encountered then mapvcur to u and draw the
edge(a, vcur) following the clockwise walk done onF .

(ii) If the last occurence ofp(a) in F(→, a, r2) has been encountered andp(a) is not yet
chosen or if no unchosen vertex has been found inF(→, a, r2), then reverse the search
direction and mapvcur to the first unchosen vertexu in F(←, a, p), not considering the
vertices inT (a). Draw the edge(a, u) following the counter-clockwise walk done onF .

Case 3: If a does not coincide withr2, and if there are no unchosen vertices inT ′ \ T (a),
but eventually for those in the path fromr1 to a in T ′, we distinguish three subcases:

Case 3.1:(refer to Figure 3.d) If no unchosen child ofa exists and ifT (a) contains unchosen
vertices of levell(a) + 2 or higher, then search inF(→, a, r2) not considering the vertices in
T (a).

(i) If an unchosen vertexu 6= p(a) has been reached then mapvcur to u and draw edge
(a, vcur) following the clockwise walk done onF .

(ii) If the last occurence ofp(a) inF(→, a, r2) has been reached andp(a) is not yet chosen or
if no unchosen vertex has been found inF(→, a, r2), then reverse the search direction and
mapvcur to the first unchosen vertexu in F(←, a, p) starting from the first occurrence
of a in F(←, r2, p). In this case the vertices ofT (a) are considered first. Draw edge
(a, vcur) following the counter-clockwise walk done onF .

Case 3.2: (refer to Figure 3.e) If there are unchosen children ofa and if T (a) contains
unchosen vertices of levell(a) + 2 or higher, then consider the last childb of a. Select the first
child c of b. We will prove later thatc is an unchosen vertex. Mapvcur to c and draw edge
(a, vcur) passing just before edge(a, b) in the clockwise order of the children ofa.

Case 3.3:(refer to Figure 3.f) IfT (a) does not contain unchosen vertices of levell(a) + 2
or higher, then we are in the final phase of our algorithm. Notice that the only unchosen vertices
in T ′, but forp, are either at distance one froma or lie on the path froma to r1. We will prove
later that all the unchosen vertices on such a path are pairwise non-adjacent. Mapvcur to p
draw edge(a, vcur) by walking counter-clockwise onF starting from the first occurrence ofa
in F(→, p, r2). After that, if a = p then search inF(→, a, r2) until an unchosen vertexu is
found. Mapvcur to u and draw edge(a, vcur) following the clockwise walk done onF . At
this point, or if it wasa = r2, only Cases1, 2, and3.1 will be applied, until all the remaining
vertices ofS are mapped to unchosen vertices ofT . Notice that Case3.3 is applied exactly once
in one application of the algorithm.

In the following we give some lemmas that will be helpful to prove that the described algo-
rithm constructs a planar packing ofS andT . The proofs of such lemmas are in the Appendix,
for reasons of space.

Lemma 1 Letv andp(v) be unchosen vertices inT ′. Then all vertices inT (v) are unchosen.
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Proof. Assume the contrary. Consider the first steps∗ of the algorithm in which a vertex
w 6= v, p(v) of S was mapped to a vertex inT (v) ∪ p(v). Clearly, befores∗ all the vertices
of T (v) were unchosen. If one of the Cases1, 2, 3.1, and3.3 was applied ins∗, thenp(v)
would have been chosen instead ofw, sincep(v) would have been encountered beforew in
any clockwise or counter-clockwise visit ofF starting at a chosen vertex ofT (see Fig. 4.a).
Otherwise, suppose Case3.2 was applied ins∗. If at the beginning ofs∗ the active vertexa was
p(p(p(v))) or wasp(p(v)), thenp(v) or v would have been chosen instead ofw, respectively.
If at the beginning ofs∗ the active vertexa was inT (v) ∪ p(v), thens∗ would not have been
the first step in which a vertex ofT (v) ∪ p(v) was chosen. Finally, if at the beginning ofs∗ the
active vertexa was notp(p(p(v))), was notp(p(v)) and was not a vertex inT (v) ∪ p(v), then
the vertex chosen ins∗ would not have been inT (v) ∪ p(v), contradicting the assumption that
in s∗ a vertex inT (v) ∪ p(v) is chosen. Hence, such aw cannot exist. �

p(v)

v

w T(p(v))

p(v)

p(v)

f v

p(p(v)) p(v)

v

(a) (b) (c) (d)

Figure 4: (a) Illustration for the proof of Lemma 1: If one of the Cases1, 2, 3.1, and3.3 was
applied at steps∗ of the Embedding step, thenp(v) would have been chosen instead ofw. (b)
Illustration for the proof of Lemma 2: If one of the Cases1, 2, 3.1, and3.3 was applied at step
s∗ of the Embedding step, thenp(v) would have been chosen instead ofw. (c) Illustration for
the proof of Lemma 2: an application of Case3.2 followed byj − 1 applications of Case2 (i)
of the Embedding step. (d) Illustration for the proof of Lemma 2: if Case1 was applied at least
once in thej − 1 steps afters∗, thenp(v) would have been chosen beforev.

Corollary 1 Let v ∈ T ′ be a chosen vertex and letP = (r1 = v1, v2, . . . , vl−1, vl = v) be the
path connectingr1 andv in T ′, with l ≥ 2. There exist no two consecutive unchosen verticesvi

andvi+1 in P.

Lemma 2 If v is thej-th child ofp(v) in T ′, if p(v) is unchosen, and ifvcur has been mapped
to v in the current step of the algorithm, then during the lastj steps of the application of the
algorithm Case3.2 was applied once to draw an edge fromp(p(v)) to the first childf of p(v)
and Case2 (i) was applied in the followingj − 1 steps to drawj − 1 edges connecting the first
j children ofp(v).

Proof. Consider the first steps∗ of the algorithm in which a vertexw of T (p(v)) is chosen. If
one of the Cases1, 2, 3.1, and3.3 was applied ins∗, thenp(v) would have been chosen instead
of w, sincep(v) would have been encountered beforew in any clockwise or counter-clockwise
visit of F starting at a chosen vertex ofT (see Fig. 4.b). Hence, Case3.2 was applied. Since
befores∗ all the vertices inT (p(v)) were unchosen and sincep(v) is unchosen even afters∗,
then Case3.2 was applied to draw the edge(p(p(v)), f). Further, in thej−1 steps afters∗ Case
2 (i) was applied (see Fig. 4.c). In fact, denoting byu the current active vertex, ifu is a child of
p(v) there are unchosen vertices inT ′ \T (u) (v is one of such unchosen vertices) and searching
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in clockwise direction fromu not consideringT (u) the next unchosen vertex encountered will
be the childx of p(v) afteru. Notice that there will be other occurrences ofp(v) in F(→, x, p).
Finally, in thej − 2 steps afters∗ the active vertex is always the next chosen vertexx child of
p(v), otherwise Case1 would have been applied andp(v) would have been chosen beforev and
before every other vertexx′ in T (v), sincep(v) would have been encountered beforev andx′ in
any clockwise or counter-clockwise visit ofF starting at a chosen vertex ofT (see Fig. 4.d).�

Corollary 2 Let a be an active vertex inT ′ and letp(a) be unchosen. There exists no occur-
rence ofp(a) in F(←, a, p).

Lemma 3 Letv ∈ T ′ be an occurrence of a vertex inF . InF(→, v, r2) there exists at least one
occurrence of every unchosen vertex belonging to the path connectingr1 andv in T ′. Moreover,
all the unchosen vertices ofT appear at least once inF .

Proof. The statement is trivially true when vertices ofS have been mapped to all neighbors
of p andvcur = r1. Suppose that the statement is true before steps∗ of the application of the
algorithm. We show that the statement holds true whichever case of the Embedding step is
applied ins∗. Notice that if no occurrence of any unchosen vertex is deleted fromF afters∗,
but for the ones of the vertex chosen ins∗, then the statement holds afters∗. Conversely, if some
occurrences of an unchosen vertexu are deleted fromF afters∗, we have to show that afters∗

there are still occurrences ofu onF and that such occurrences come inF(→, w, r2) after every
occurrence of each vertexw ∈ T (u).

If Case1 is applied ins∗, it is setvcur = u for the first unchosen vertexu found inF(←
, r2, p). Hence, all the occurrences of unchosen vertices are still on F and the statement holds
afters∗.

Denoting bya the active vertex ins∗, if one of the Cases2 (i) and3.1 (i) is applied ins∗ and
if p(a) is already chosen, then the first unchosen vertexu found inF(→, a, r2) is chosen and
the statement holds afters∗. If one of the Cases2 (i) and3.1 (i) is applied ins∗ and ifp(a) is not
yet chosen, then by the hypothesis of Cases2 (i) and3.1 (i) the last occurrenceo(p(a)) of p(a)
in F(→, p, r2) is not deleted afters∗. Befores∗ all the occurrences of the vertices inT (p(a))
came beforeo(p(a)) in F(→, p, r2) and hence, afters∗, o(p(a)) still come inF(→, p, r2) after
all the occurrences of the vertices inT (p(a)).

If one of the Cases2 (ii) and 3.1 (ii) is applied ins∗ then the first unchosen vertexu found
in F(←, a, p) is chosen and the statement holds afters∗. Notice that, by Corollary 2u 6= p(a).

If Case3.2 is applied ins∗, consider the last childb of a. If b was chosen in a step of the
algorithm in whicha was still unchosen, then, by Lemma 2, all the children ofa are chosen
and then Case3.2 would not be applied ins∗. Henceb is unchosen. Consider the steps∗−1

befores∗ in which it is setvcur = a. Befores∗−1 botha andb are unchosen. By Lemma 1 it
follows that all the vertices inT (b) are unchosen. Turning again to steps∗, edge(a, c) deletes
the first occurrence ofb in F(→, p, r2). However, since all the vertices inT (b), but for c, are
still unchosen afters∗ there is still an occurrence ofb coming after every vertex ofT (b) in
F(→, p, r2) and the statement holds.

Finally, suppose Case3.3 is applied ins∗. If all the children ofa are unchosen, by Lemma 1
all the vertices inT (a) are unchosen, since before settingvcur = a, a and all its children were
unchosen. In this case, the first occurrence ofa in F(→, p, r2) comes before every vertex in
T (a). Moreover, since there are no unchosen vertices inT \ T (a) but forp and for those in the
path fromr1 to a in T ′ and since there are occurrences of all the vertices in the path from r1 to
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Figure 5: Illustrations for the proof of Lemma 3, supposing that Case3.3 was applied ins∗. (a)
If all the children ofa are unchosen, edge(a, p) passes before the edge betweena and the first
child of a. (b) If all the children ofa are chosen, edge(a, p) can deletes the vertices ofT (a),
but fora, fromF . (c) If some children ofa are unchosen and some are chosen, then edge(a, p)
passes just before the edge betweena and the first unchosen childe of a.

a in T ′ that come aftera in F(→, p, r2), then after drawing edge(a, p) the statement still holds
(see Fig. 5.a). If all the children ofa are chosen, by the hypothesis of Case3.3 all the vertices in
T (a) are chosen. Moreover, since there are no unchosen vertices in T \ T (a) but for p and for
those in the path fromr1 to a in T ′ and since there are occurrences of all the vertices in the path
from r1 to a in T ′ that come aftera in F(→, p, r2), then after drawing edge(a, p) the statement
still holds (see Fig. 5.b). Now suppose that some children ofa are already chosen befores∗ and
some not (see Fig. 5.c). Consider the first unchosen childe of a for which all the children ofa
beforee are already chosen befores∗. Notice thatT (e) contains only vertexe. For converse,
suppose thatT (e) contains other vertices. By the hypothesis of Case3.3 all the vertices inT (e),
but for e, must be chosen. Consider the first vertexw 6= e that was chosen inT (e). w could
not be chosen by applying Case1, Case2, or Case3.1, sincee would have been encountered
beforew in any clockwise or counter-clockwise visit ofF . Moreoverw could not be chosen
by applying Case3.2, since the parent of its parent either isa (that is active vertex in Case3.3
and not in Case3.2) either is an other vertex ofT (e), contradicting the hypothesis thatw is the
first chosen vertex ofT (e). Finally w could not be chosen by applying Case3.3 that must be
applied ins∗ and cannot be applied twice. Notice that all the vertices in the subtreesT (f), for
every childf of a that comes beforee in the order of the children ofa, are already chosen by
the hypotheses of Case3.3. Hence, since edge(a, p) passes just before edge(a, e) in the order
of the edges arounda, no occurrences of vertices inT (a) are deleted fromF . Moreover, since
there are no unchosen vertices inT \ T (a) but forp and for those in the path fromr1 to a in T ′

and since there are occurrences of all the vertices in the path from r1 to a in T ′ that come after
a in F(→, p, r2), then after drawing edge(a, p) the statement still holds. �

Theorem 1 There exists an algorithm that in polynomial time constructs a planar packing of
anyn-vertex non-star spider treeS and anyn-vertex non-star treeT .

Proof. Apply the algorithm described in this section toT and S. First, notice that the
algorithm can be easily implemented to run in polynomial time. We claim that the constructed
embeddingE is a planar packing ofT andS. More precisely, we will prove that: (1)E is planar,
(2) every two vertices ofS are mapped to distinct vertices ofT , (3) there are no common edges
betweenS andT , and finally (4) all the vertices ofS are mapped to vertices ofT .

(1): The planarity ofE follows from the fact that at every step all the unchosen vertices are
incident to the outer face (by Lemma 3) and that by construction every inserted edge is placed
inside the outer face ofE .
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(2): When one of the Cases1, 2, 3.1, and3.3 of the Embedding step is applied, by the
description of the algorithmvcur is mapped to an unchosen vertex ofT . Hence, we have only
to show that when Case3.2 has to be applied in a steps∗ of the algorithm the first childc of the
last childb of a is unchosen. If befores∗ vertexb is chosen, then by Lemma 2 all the children
of a were already chosen when it was setvcur = b, hence Case3.2 would not be applied ins∗.
Otherwise, prior to the choice ofa just before steps∗, bothb anda were unchosen and so, by
Lemma 1, all the vertices inT (b), includingc, are unchosen at the beginning ofs∗.

(3): Consider the different cases of the Embedding step. In Case1 a common edge is
inserted only if it is setvcur = p. If a 6= r2 then settingvcur = p would imply thatT is a star,
contradicting the hypoteses. Notice that vertices ofS are mapped to all the neighbors ofp by
applications of Case1 before any other case of the Embedding step is applied. Ifa = r2 then,
sincep is the last vertex inF(←, r2, p), settingvcur = p implies that no other vertex ofF is
unchosen and, by Lemma 3, that no other vertex ofT is unchosen. Hence, the current leg of
S is the last one. Since this leg should have length1 and since the legs ofS are ordered by
increasing length,S would be a star, contradicting the hypoteses. In Case2, the only neighbor
of a in T ′ that belongs toT ′ \ T (a) is p(a). However, in Case2 (i) it is clear thatvcur = u is
chosen for a vertexu 6= p(a). In Case2 (ii) the algorithm chooses forvcur the first unchosen
vertexu in F(←, a, p). By Corollary 2 there exists no occurrence ofp(a) in such a visit and so
u 6= p(a). In Case3.1 (i) the same considerations done for Case2 (i) hold. In Case3.1 (ii) for
vcur is a vertexu chosen, that belongs toT (a). Since all the children ofa are already chosen,
then no common edge is inserted. In Case3.2 a andc are not neighbors inT . Finally, consider
Case3.3. Sincea belongs toT ′, thena andp are neighbors only ifa = r1. However, ifa = r1

and there are no unchosen vertices inT ′, but for the children ofa, then the diameter ofT would
be at most4, contradicting the hypoteses. Concerning edge(p, u) all the neighbors ofp are
already chosen before applying Case3.3, sou cannot be a neighbor ofp.

(4) We have to prove that while there are unchosen vertices inT the algorithm applies one
of the cases in the Embedding step to mapvcur to a vertex ofT . All the neighbors ofp are
chosen at the beginning of the Embedding step by applications of Case1. After that phase only
p and the vertices inT ′ \ r1 are still unchosen. Now leta be the current active vertex. Suppose
Case1 has to be applied. By Lemma 3 at every step of the algorithm allthe unchosen vertices
are onF , so Case1 finds an unchosen vertexu to setvcur = u. Suppose Case2 has to be
applied. If there are occurrences of unchosen vertices inF(←, a, r2) not belonging toT (a) or
to the path connectingr1 anda in T ′, then even if Case2 (i) fails, then Case2 (ii) would find
such occurrences. Otherwise, suppose that the only unchosen vertices not belonging toT (a) or
to the path connectinga andr1 in T ′ appear beforea in F(←, r2, p). If p(a) is already chosen,
then Case2 (i) would always succeed. Ifp(a) is unchosen and ifa is thej-th child of p(a),
thenT (p(p(a))) contains the only unchosen vertices remaining, but forp and for the vertices
in the path fromr1 to p(p(a)) in T ′, since Case3.2 was appliedj steps before the current one
whenp(p(a)) was the active vertex (by Lemma 2). Sincep(a) is the last child ofp(p(a)), then
the only vertices that can have occurrences beforea in F(←, r2, p) are the vertices inT (p(a)).
Such occurrences are clearly encountered before the last occurrence ofp(a) in F(→, a, p),
hence Case2 (i) finds them and succeeds. Suppose Case3.1 has to be applied. Then either
Case3.1 (i) succeeds, or Case3.1 (ii) finds an unchosen vertex inT (a). Such vertex exists by
the hypoteses of Case3.1. Suppose Case3.2 has to be applied. We have already shown in part
(2) of the proof, that if vertexc exists, then it is unchosen. Now we only have to prove the
existence of such a vertex. By the construction of the embedding of T ′ the children ofa are
clockwise ordered by increasing depth of the subtrees rooted at them; observing that inT (a)
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there are vertices of levell(a) + 2 or higher, then vertexc exists. Finally if Case3.3 has to be
applied, then no problem arises, sincep is unchosen and it is onF before the only application
of Case3.3. Notice that by Corollary 1 and Lemma 3 after Case3.3 is applied all the remaining
unchosen vertices ofT are disconnected and are onF . Therefore, Cases1, 2, and3.1 can be
applied until all the vertices ofS are mapped to vertices ofT . �

4 Squeezing Planar Graphs in Planar Graphs

When dealing with the planar packing problem, it can be easily observed that two sufficiently
dense planar graphs cannot be packed in the same planar graph. For instance, two maximal
outerplanar graphs have2n− 3 edges each, and a packing of them contains4n− 6 edges, that
are more than the ones that a planar graph can have.

If you want to obtain planar squeezings of planar graphs, edges of different graphs can
overlap, and so edge-counting arguments do not work. However, the following two results are
just slightly more than trivial:

Theorem 2 There exist a planar graphG and a pathP that cannot be squeezed in a planar
graph.

Proof. Let G be ann-vertex triangulated planar graph that does not contain anyHamiltonian
path, and letP be ann-vertex path. Observe that sinceG is maximal no edge can be added to
it without violating its planarity. However, when squeezing G andP , at least one edge ofP is
not common to an edge ofG, otherwiseG would contain an Hamiltonian path. �

Theorem 3 There exist a planar graphG and a starS that cannot be squeezed in a planar
graph.

Proof. Let G be ann-vertex triangulated planar graph that does not contain a vertex of
degree greater thann − 2, and letS be ann-vertex star. SinceG is maximal no edge can be
added to it without violating its planarity. However, when squeezingG andS, at least one edge
of S is not common to an edge ofG, otherwiseG would contain a vertex of degreen− 1. �

Turning the attention from planar to outerplanar graphs, wehave:

Theorem 4 Any two outerplanar graphs can be squeezed in a planar graph.

Proof. Let O1 andO2 be two outerplanar graphs. Assume w.l.o.g. that bothO1 andO2

are biconnected. HenceO1 andO2 contain Hamiltonian cycles, sayC1 andC2, respectively.
Now map the vertices ofO1 andO2 so thatC1 andC2 are coincident. Furthermore, embed the
edges ofO1 that do not belong toC1 insideC1, and embed the edges ofO2 that do not belong
to C2 and that are not common to edges ofO1 outsideC1. By the outerplanarity ofO1 (of O2)
there are no intersections between edges insideC1 (resp. outsideC1). Further, there are no
intersections between edges insideC1 and edges outsideC1, since they are separated byC1. �

Since trees are outerplanar graphs, the following holds:

Corollary 3 Any two trees can be squeezed in a planar graph.
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Corollary 3 shows that the problem of determining whether for any two trees there exists a
planar graph containing them as subgraphs, that has been tackled in [6], in [13] and in Section 3,
is easily solvable if common edges are allowed.

However, if one augments to more than two the number of trees that must be squeezed,
then a planar squeezing is not generally possible. Namely, in the following we provide three
caterpillars that cannot be squeezed in the same planar graph.

Theorem 5 There exist three caterpillars that cannot be squeezed in the same planar graph.

u v1

n/2 -1 n/2 -1

v2 w1 w5w3w2

n/5 -1 n/5 -1 n/5 -1 n/5 -1 n/5 -1

w4

v*

u

(a) (b) (c) (d)

Figure 6: (a) StarC1. (b) CaterpillarC2. (c) CaterpillarC3. (d) EmbeddingEA.

Proof. Let C1 be a star with centeru andn − 1 leaves (see Fig. 6.a), letC2 be a caterpillar
with two adjacent verticesv1 andv2 of degreen/2 andn − 2 leaves (see Fig. 6.b), and letC3

be a caterpillar with five verticesw1, . . ., w5 of degree at mostn/5 + 1 forming a path and with
n− 5 leaves. Each vertexwi hasn/5− 1 adjacent leaves (see Fig. 6.c).

We will try to construct a planar embedding that contains embeddings ofC1, C2, andC3

and we will show that this goal is not achievable. Observe that C1 has a unique embeddingE1
up to a relabelling of its leaves. First, construct a planar embeddingE2 by embeddingC2 on
E1 in any way. LetG2 denote the planar graph obtained by such a squeezing. Noticethat there
exists one out ofv1 andv2, sayv∗, that has not been mapped tou and that shares withu exactly
n/2−1 common neighbors. In fact, if vertexv1 (vertexv2) has been mapped tou, thenv2 (resp.
v1) has been mapped to a leaf ofC1 and all then/2− 1 leaves adjacent tov2 (resp. tov1) have
been mapped to leaves ofC1, that are neighbors ofu. Otherwise, if both verticesv1 andv2 have
been mapped to leaves ofC1, thenv1 (or v2) has exactlyn/2− 2 adjacent leaves that have been
mapped to leaves ofC1, that are neighbors ofu, andv2 (resp.v1) is a neighbor of bothu and
v1 (resp. of bothu andv2). Consider the setA of vertices that are neighbors of bothu andv∗.
Vertexu, vertexv∗, and the vertices inA induce an embedded subgraphEA of E2 that is done by
at least one and at most two nested triangles sequences, all sharing edge(u, v∗) (see Fig. 6.d).

Now consider any embeddingE3 of C3 on E2. Let us discuss how many vertices ofC3 can
be mapped to vertices inA, while preserving the planarity ofE3. Since the degree of each vertex
wi is at mostn/5 + 1, at most2n/5 + 2 vertices ofA could be neighbors ofu andv∗ in C3.
Verticesw1, . . ., w5 of C3 that are not mapped tou andv∗ can have at most two vertices ofA
as adjacent leaves. In fact, if vertexwi is mapped to a vertex ofA, then it is incident to two
adjacent faces ofEA that have at most two vertices distinct fromu, from v∗, and fromwi itself.
If vertexwi is mapped to a vertex not inA and inside any face ofEA, then it can be a neighbor
of the at most two vertices of that face that are inA. Hence, for every vertexwi three vertices
internal toEA can have a mapping, two with leaves adjacent towi and one withwi itself. Hence
less than2n/5+2+3·5 = 2n/5+17 vertices ofA can have a mapping with a vertex ofC3 while
preserving the planarity ofE3. Choosing|A| = n/2− 1 > 2n/5 + 17 (i.e. choosingn > 180)
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implies that the vertices ofC3 cannot be mapped to all the vertices inA while preserving the
planarity ofE3 and hence that there is no planar squeezing ofC1, C2, andC3 �

Since caterpillars are trees we have the following:

Corollary 4 There exist three trees that cannot be squeezed in the same planar graph.

If one wants to squeeze trees in trees, trees in outerplanar graphs, or outerplanar graphs in
outerplanar graphs, then very few is allowed. Namely, we show that there exist two caterpillars
that cannot be squeezed in the same outerplanar graph. LetC1 be a star with centeru and seven
leaves and letC2 be a caterpillar consisting of two vertices of degree four and six leaves. We
claim thatC1 andC2 cannot be squeezed in the same outerplanar graph. This is proved by
showing that any planar embedding of an8-vertex planar graph that contains embeddings ofC1

andC2 cannot be an outerplanar embedding. First, observe thatC1 has a unique embedding up
to a relabelling of its leaves. So consider it as embedded. Now embedC2. Since there is just one
non-leaf vertex inC1, at least one of the vertices ofC2 with degree4 must be mapped to a leaf
of C1. Letv be such a vertex. Again, since there is one non-leaf vertex inC1, at least three of the
neighbors ofv must be mapped in leaves ofC1. This implies that in any embedding containing
embeddings ofC1 andC2 there is a cycle formed byv, u and a neighbor ofv enclosing a
neighbor ofv. Hence there exists no outerplanar embedding containing embeddings ofC1 and
C2 and so there exists no outerplanar graph containingC1 andC2.

Theorem 6 There exist two caterpillars that cannot be squeezed in the same outerplanar graph.

Since caterpillars form a subclass of trees we have the following:

Corollary 5 There exist two trees that cannot be squeezed in the same outerplanar graph.

We conclude this section observing that any number of paths,cycles and stars can be
squeezed in an outerplanar graph having one vertex of degreen− 1.

5 Conclusions and Open Problems

We have considered the problem of packing and squeezing subgraphs in planar graphs. Con-
cerning the planar packing problem, the previous works on this topic [6, 13] contain algorithms
that construct embeddings of the trees by observing the ’separation principle’, i.e. by separat-
ing the edges of the two trees in two different portions of theembedding plane, established in
advance. This allows to mind only to the presence of common edges for obtaining a planar
packing. As far as we know, our algorithm is the first one that does not bind the embeddings
of the trees to be separated as described. Also the tree embeddings produced by our algorithm
could not be separated in different parts of the plane, sincethere are vertices with a sequence
[T1, T2, T1, T2] of consecutive edges, whereT1 (T2) indicates an edge belonging to the first (resp.
the second) tree.

Problem 1 Does a planar packing of any two non-star trees with the further constraint of
having an embedding where the two trees can be separated by a simple line that intersects the
embedding only at vertices of the graph exist?
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Concerning the squeezing problem, we showed which are the most interesting classes of
planar graphs that can generally be squeezed and which cannot. However, the following open
problem is worth of interest:

Problem 2 Which is the time complexity of determining if two planar graphs can be squeezed
in a planar graph?

The last question seems to be strictly related to some of the most important problems in
graph theory, likegraph isomorphismandsubgraph isomorphism.
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[11] M. Maheo, J.F. Saclé, and M. Woźniak. Edge-disjoint placement of three trees.Ars
Combinatorica, pages 543–563, 1996.

[12] P. Mutzel, T. Odenthal, and M. Scharbrodt. The thickness of graphs: A survey.Graphs
and Combinatorics, 14(1):59–73, 1998.

[13] Y. Oda and K. Ota. Tight planar packings of two trees. InEuropean Workshop on Com-
putational Geometry, pages 215–216, 2006.

15



[14] W. Schnyder. Embedding planar graphs on the grid. InProc. 1st ACM-SIAM Sympos.
Discr. Alg., pages 138–148, 1990.

[15] J. R. Ullmann. An algorithm for subgraph isomorphism.J. ACM, 23(1):31–42, 1976.

16


